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The inﬂuence of vacancy preference towards one of the constituents in a binary system on the formation
of precipitates was investigated by atomistic and continuums modeling techniques. In case of vacancy
preference towards the solute atoms, we ﬁnd that the mobility of individual clusters as well as entire
atom clusters is signiﬁcantly altered compared to the case of vacancy preference towards the solvent
atoms. The increased cluster mobility leads to pronounced cluster collisions, providing a precipitate
growth and coarsening mechanism competitive to that of pure solute evaporation and adsorption consid-
ered in conventional diffusional growth and Ostwald ripening. A modiﬁcation of a numerical Kamp-
mann–Wagner type continuum model for precipitate growth is proposed, which incorporates the
inﬂuence of both mechanisms. The prognoses of the modiﬁed model are validated against the growth
laws obtained with lattice Monte Carlo simulations and a growth simulation considering solely the coa-
lescence mechanism.
 2012 Elsevier B.V. Open access under CC BY-NC-ND license.1. Introduction
The vacancy/atom exchange mechanism is the dominant phys-
ical mechanism for diffusive transport in crystalline solids. This
process is thermally activated, with a jump probability given by
exp(EM/kBT), EM being the migration energy barrier, kB being the
Boltzmann constant and T being temperature. EM is often repre-
sented as a superposition of pair-wise bond energies between
atoms, the magnitude of which depends on the sort of atoms occu-
pying the connected sites. In the present work, in addition to the
atoms occupying regular crystal lattice sites, vacancies are treated
as a separate atomic species, with the energies eXVa for the bonds
between the lattice atoms X and the vacancy Va.
If the vacancy/atom interactions eXVa have different values for
different atoms, vacancy preference toward particular sorts of
alloying elements occurs, i.e. the vacancy will spend more or less
mean residence time in the neighborhood of speciﬁc atoms. Apart
from the inﬂuence on the long-range diffusion kinetics of the single
atoms (monomers), such a preference can also increase or reduce
the mobility of entire atom clusters. Although cluster migration
is observed in systems without vacancy preference at sufﬁciently
low temperatures [1] also, its occurrence is signiﬁcantly pro-
nounced when the solute atom/vacancy complex is energetically
more stable than the solvent/vacancy complex [2–4]. The randomax: +43 1 58801 30895.
rczok).
Y-NC-ND license.movement of clusters occasionally leads to cluster collisions,
resulting in cluster coagulation and, as such, constitutes another
precipitate growth and coarsening mechanism, in addition to the
absorption and desorption of monomers. Using classical lattice
Monte Carlo simulation [5], the combined absorption/desorption
and cluster collision kinetics is investigated in the ﬁrst part of this
work.
In a complementary modeling approach, a numerical Kamp-
mann–Wagner-type model (NKW) for simulation of multi-compo-
nent multi-particle precipitation kinetics, as implemented in the
software MatCalc [6,7], is applied for simulation of these processes
on the continuum scale. With this approach, computationally efﬁ-
cient studies can be performed on the interaction of a large ensem-
ble of precipitates taking into account nucleation, growth and
coarsening of all particles involved in the process. In the original
implementation of the corresponding models in MatCalc,
absorption and emission of monomers at the precipitate surface
are considered as the only mechanisms controlling the kinetic
evolution of the system.
Analytically, coarsening of precipitates governed by the
evaporation and absorption of monomers can be described by
the Ostwald-ripening model, during which smaller precipitates
dissolve by preferential emission (evaporation) of monomers and
larger particles keep growing by preferential absorption of these.
The Lifshitz–Slyozow–Wagner (LSW) theory predicts an evolution
of the particle number density with time as t1 and the mean arti-
cle radius as t1/3 [8,9]. If cluster coagulation is also considered as a
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treatment of the combined processes becomes rather involved
[10]. Simple closed analytical solutions are lacking.
In the present paper, the role of cluster coagulation in precipita-
tion reactions is examined, ﬁrst, by atomistic Monte Carlo simula-
tion of nucleation, growth and coarsening on the example of bcc-
Cu precipitates in a bcc Fe matrix. The differences in the evolution
of precipitate number density and mean radius are studied for var-
ious vacancy/solute interaction energies eXVa and discussed on ba-
sis of the resulting cluster evolution characteristics. Subsequently,
complementary simulations are performed with a simple numeri-
cal model where clusters of different size and mobility are treated
as single molecules, sticking to each other after collision, and
evolving the system purely on basis of the coagulation mechanism.
This simulation allows for a clear separation of the effect of coag-
ulation from the combined precipitation reaction.
Finally, based on these observations, a semi-empirical contin-
uum model is suggested, which is implemented into the precipita-
tion kinetics framework of MatCalc. It is shown that this simple
model is fully capable of reproducing the system behavior ob-
served in the atomistic simulations, for both limiting situations
of either negligible inﬂuence of coalescence, or cases where parti-
cle collisions represent the dominant growth and coarsening
mechanism.2. Modeling solid-state precipitate coagulation – state of the art
The numerical Kampmann–Wagner [11] model (NKW), which is
widely used for precipitation kinetics simulations, allows for an
efﬁcient and accurate description of precipitation processes. In
the NKW model, the vast number of precipitates in a representa-
tive volume element is grouped into classes of precipitates with
same size and chemical composition. Each size class is determined
by the number of identical precipitates, which are formed in a
nucleation step based on the nucleation rate J and time step Dt
[6,7]. The further evolution of this size class is determined by dif-
fusional growth. Eventually, the precipitates of a certain size class
dissolve again, which causes the particular size class to be removed
from the system. The classical NKW model does not involve the
evolution of precipitates (or precipitate size classes) caused by
coagulation.
Cluster coagulation has been treated several times in literature.
The work by Smoluchowski [10] shows that the evolution of the
precipitate number density Ni of a size class i is given as
dNi
dt
¼ 1
2
Xj¼i1
j¼1
k¼ij
bðj; kÞNjNk 
X1
j¼1
bði; jÞNiNj: ð1Þ
b(i, j) is the collision rate of particles with sizes i and j. In some spe-
cial cases, this set of equations can be solved analytically, depend-
ing on the functional form of b(i, j), which in turn depends on the
particle collisions being of either Stokes [12], turbulent [13], Brown-
ian [14] or gradient type [15].
In the case of particle migration in a solid solution, coagulation
is governed by Brownian-type motion. For this, Smoluchowski de-
rived an expression for b(i, j), which is a function of the cluster dif-
fusion coefﬁcients D and the precipitate radii r as
bði; jÞ ¼ 1
2
ðDi þ DjÞðri þ rjÞ: ð2Þ
In the liquid phase, where the cluster diffusion coefﬁcient is in-
versely proportional to its radius (Einstein–Stokes equation), b(i, j)
can be reasonably well approximated with values independent of
the sizes i and j. Under these conditions, analytical solution of
the equation set is possible [10].In contrast, the values of b(i, j) describing collisions in solid-
state systems are strongly size-dependent. Binder and Stauffer
[16] suggest that the cluster migration rate scales with n4/3, n
being the number of atoms in the cluster. Binder [17] remarks that
this dependency might evolve towards n1 with continued cluster
growth. Fratzl and Penrose [1] conﬁrmed the latter function in
Monte Carlo simulations with the vacancy exchange mechanism.
Consequently, b(i, j) is found to scale with cluster radius r in the
range between r4 and r3 (as r  n1/3).
In the absence of closed analytical expressions for the evolution
of the number densities of particles (or particle size classes) sub-
jected to simultaneous monomer attachment and detachment
and particle coalescence, this problem is investigated numerically.
For this task, three different approaches are used, involving atom-
istic (Monte Carlo) simulations and continuums simulations based
on the mean-ﬁeld model of precipitate nucleation, growth and
coarsening within the MatCalc precipitation kinetics framework
[18]. The corresponding approaches are introduced in the follow-
ing section.
3. Simulation methods
3.1. Lattice Monte Carlo (LMC)
The atomistic simulations of the precipitation kinetics are per-
formed with the Lattice Monte Carlo (LMC) method as imple-
mented recently into MatCalc [18]. For the present investigation,
the Fe–3 at.% Cu system at 500 C is considered, which has already
been analyzed in previous studies [18,19]. A simulation box with
an edge length of 50 body centered cubic cells (2.5  105 lattice
sites) and periodic boundary conditions are used. Atom migration
proceeds with the vacancy exchange mechanism.
The atom/vacancy exchange is performed according to the
Metropolis algorithm, i.e. the acceptance probability P of a single
exchange event is given as P = exp(DE/kBT), with kB – Boltzmann
constant, T – temperature (forDE < 0, P = 1). The total energy of the
system, E, is represented by the sum of all pair-wise bond energies
extending to the ﬁrst (e(1)) and the second (e(2)) coordination
sphere according to
E ¼ nð1ÞFeFeeð1ÞFeFe þ nð1ÞCuCueð1ÞCuCu þ nð1ÞCuFeeð1ÞCuFe þ nð1ÞFeVaeð1ÞFeVa þ nð1ÞCuVaeð1ÞCuVa
þ nð2ÞFeFeeð2ÞFeFe þ nð2ÞCuCueð2ÞCuCu þ nð2ÞCuFeeð2ÞCuFe þ nð2ÞFeVaeð2ÞFeVa
þ nð2ÞCuVaeð2ÞCuVa: ð3Þ
n represents the number of corresponding bonds. eFeFe and eCuCu are
set to zero, thus creating the energy reference line. eCuFe was set
such as to reproduce the solubilities of bcc-Fe and bcc-Cu phases
at 500 C as given from the thermodynamic assessments of Turcha-
nin et al. [20]. The corresponding values are 0.12 at.% Cu in Fe-bcc
and 0.26 at.% Fe in Cu-bcc. The asymmetry of the solubilities was
reproduced by introducing a linear dependence of the eFeCu param-
eter on the local chemical environment of the neighbor shell around
the atomic bond with
eðiÞCuFe ¼ xFeeFeðiÞCuFe þ xCueCuðiÞCuFe: ð4Þ
The value of eFeð1ÞFeCu is assessed with 4.61 kJ/mol, and it represents
the CuFe bond energy in an Fe-rich chemical environment. eCuð1ÞFeCu is
3.15 kJ/mol, representing the same energy in Cu-rich environment.
The actual value of bond energy eðiÞFe—Cu according to Eq. (4) is eval-
uated after determining the site fractions xi of Fe and Cu atoms in
ﬁrst and second coordination shell. Various combinations of eFeVa
and eCuVa are examined in the simulations. The energies e
ð2Þ
XY are
set as e(2) = e(1)  (r2/r1)6, with ri being the interatomic distance
to the atom in the i-th coordination sphere (for a bcc lattice
(r2/r1)6 is 27/64).
Fig. 1. Mean local chemical environment (LCE) around the vacancy for various
values of the asymmetry parameter a and different times during the precipitation
process.
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single exchange event is evaluated as
DtLMC ¼ f  a
2  xVa;MC
6  DA : ð5Þ
with f being the vacancy diffusion correlation factor (0.727 for bcc
lattice [21]), a being the nearest neighbor distance in bcc-Fe
(2.485 Å), DA being the diffusion coefﬁcient of the jumping atom A
in bcc-Fe (1.5  1022 m2 s1 for Cu [22], 7.4  1023 m2 s1 for Fe
[23]) and xVa,MC being the vacancy site fraction in the simulation
box (xVa,MC = 4  106).
3.2. Cluster coagulation simulation
In this simulation approach, the solute atoms/clusters are trea-
ted as randomly moving gas particles, which can only grow by coa-
lescence after collision with another particle. In each simulation
step, the particles move in random direction and the probability
for movement is evaluated as described below. The results of this
calculation (the time evolution of the cluster sizes and numbers)
are taken for comparison with the LMC simulations. The simulation
of the coagulation process is performed on a system built in the
same manner as in the LMC model, deﬁned as cube with an edge
length of 14.35 nm (50 bcc cells with cell parameter 2.87 Å). The
system composition and temperature was set equal to the ones
of the LMC simulation (3 at.% Cu, 500 C).
Initially, all Cu atoms are placed randomly on sites correspond-
ing to a bcc lattice. From that moment on, the atoms are treated as
clusters, whereby atoms adjacent to each other with the distance
lower than 2.485 Å (the initial nearest neighbor distance) are con-
sidered as belonging to the same cluster. Furthermore, the clusters
are treated as spherical particles concentrated in their center of
mass, and a radius r = (3pnVm/4)1/3, with n being the number of
atoms in the cluster and Vm being the Cu atom volume
(Vm = 1.18  1029 m3). In one time interval, the centers of mass
of the clusters are assumed to be free to move in any direction
(randomly generated vector components) by the distance of
d = 0.25 nm and the probability P = n4/3, where n is the number
of atoms in the cluster (cluster size). This kinetics is representative
for the model suggested by Binder and Staufer [16]. If clusters col-
lide, i.e. the distance of their centers of mass becomes smaller than
the sum of their radii, they are considered as one cluster after-
wards. The center of gravity of the new (bigger) cluster is associ-
ated with the center of gravity of the cluster pair at the moment
of collision. According to random walk theory, the time increment
in these simulations is given by
DtCC ¼ d
2
6  DCu : ð6Þ
with DCu = 1.5  1022 m2 s1 taken from experiment [22].
3.3. Continuum model
In the continuum simulation, the precipitation kinetics frame-
work of the software MatCalc [6,7] is utilized. The nucleation
kinetics of precipitates is evaluated from classical nucleation the-
ory [24]. Accordingly, the rate J at which new precipitates are
formed in the system is
J ¼ NZb expðG=RTÞ expðs=tÞ: ð7Þ
N is the number of available nucleation sites, Z is the Zeldovich fac-
tor (lowering the stability of the critical nucleus due to the thermal
vibrations), b is the atomic attachment rate, s is the induction per-
iod, t is the time and G is the energy barrier for formation of a crit-
ical nucleus. The latter is given asG ¼ 16pc
3
3F2
ð8Þ
with F being the driving force for precipitation and c being the
interfacial energy. The interfacial energy c is obtained from the gen-
eralized broken bond model [25,26] being dependent on the com-
position of both matrix and precipitate phases. A mean-ﬁeld
model based on the thermodynamic extremum principle [27] is
used for the further evolution of precipitate size and chemical com-
position. The numerical time integration is performed according to
the numerical Kampmann–Wagner approach [11], with an exten-
sion for consideration of cluster collisions, which is described be-
low. Details on the models implemented in the MatCalc software
are given in the corresponding references above.
4. Results and discussion
4.1. LMC simulation
In analogy to previous studies [2,3] on the effect of the vacancy-
solute binding energy on cluster evolution, the system kinetics is
investigated in dependence of an asymmetry parameter a deﬁned
as
a ¼ 2  eFeVa  eCuVa
eFeCu
: ð9Þ
a is a quantity describing the afﬁnity of the vacancy to either the
matrix-forming Fe atoms or the precipitate-forming Cu atoms/clus-
ters. With negative values of a, the vacancy prefers to be sur-
rounded by as many Fe atoms as possible to minimize the total
system energy by maximizing the number of FeVa bonds. Positive
values of a will maximize the number of CuVa bonds.
The corresponding system behavior can be quantiﬁed by
inspecting the ‘local chemical environment’ LCE of the vacancy
during its migration through the crystal on a statistical basis.
Fig. 1 shows an analysis of the LCE for different values of a starting
with a random solution (full circles), representing the starting con-
ditions in the simulations, and after Cu-clusters have formed with
a mean radius of 1 nm. The LCE, deﬁned here as the chemical com-
position of the ﬁrst coordination sphere around the vacancy, has
been measured 1000 times after every 1000 vacancy jumps. The
ﬁgure emphasizes that, with increasing cluster sizes, the mean
LCE becomes increasingly pronounced either Fe-rich or Cu-rich.
Fig. 2 shows the inﬂuence of a on the entire precipitation pro-
cess. The characteristics of the system are visualized by displaying
the precipitate cluster sizes during the simulation in the form of
‘‘stair-fountain’’ diagrams (compare Ref. [3]). In this analysis, Cu
atoms adjacent to each other as nearest neighbors are considered
as a precipitate cluster if the cluster size exceeds nine Cu atoms.
In both diagrams (Fig. 2), a continuous drop in cluster size indicates
the occurrence of Ostwald ripening, where a small precipitate
Fig. 2. Stair-fountain diagram of the cluster sizes observed during the Monte Carlo
simulation for various values of the asymmetry parameter a.
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creases continuously. For a = 2, the sudden appearance of some
considerably larger cluster sizes in the later steps is a clear mani-
festation of cluster collisions, since this sudden increase of an indi-
vidual cluster size cannot be reasoned on basis of the monomer
absorption/desorption process. The right image in Fig. 2 clearly
shows that both mechanisms, monomer absorption/desorption as
well as particle coalescence, can occur simultaneously, the domi-
nant mechanism being controlled by the vacancy solute interaction
energies eFeVa and eCuVa.
The effect of various a values on the precipitation kinetics is
investigated next by observing the number density and mean ra-
dius of precipitates throughout the precipitation process. From
the MC simulations, we observe that negative values of a inhibit
the precipitation process compared to a = 0 such that the corre-
sponding evolution curves are shifted to longer simulation times.
The general shape of the curves remains almost unaffected
(Fig. 3a and b), though.
Increasing the value of a from 0 to +2 shifts the onset of the
curves to the left, indicating an acceleration of the nucleation pro-
cess (Fig. 3c and d). Increasing the a value further, however, leads
to a ﬂattening of the curves, while the precipitation onset remains
almost unchanged (Fig. 3e and f). This observation indicates that
positive values of a do not signiﬁcantly affect the ﬁrst stages of
precipitation, however, they act as strong decelerators of the pre-
cipitation process in the later stages when larger clusters of Cu
have already formed.
These features can be reasoned on basis of the vacancy prefer-
ence toward either the Fe (a < 0) or Cu (a > 0) atoms. The precip-
itation process proceeds fastest for a being approximately +1,
which is interpreted as the condition for the most effective trans-
port of Cu atoms through the matrix. Decreasing the value of a
leads to an increase of the vacancy presence towards the Fe atoms,
delaying the migration of Cu atoms through the Fe-matrix and,
thus, the entire precipitation process. Increasing the value of a
leads to vacancy trapping on the Cu atoms, which again retards
their movement due to repeated Cu atom/vacancy exchange in
the same spatial conﬁguration.The different effects of positive and negative a values on the
shape of the evolution curves are an indication of different operat-
ing mechanism. The horizontal shift of the curve without shape
modiﬁcation (in the logarithmic time scale) observed for a < 0
suggests that the trapping of vacancies at the solvent Fe atoms
slows down the precipitation process due to a reduced transport
kinetics of Cu atoms. Since vacancies avoid the vicinity to Cu
atoms, the probability of Cu atom/vacancy exchanges becomes
increasingly lower with higher values of a. Therefore, the effective
transport of Cu atoms through the bulk volume is retarded and the
integral precipitation process is slowed down. This process does
not affect the shape of the precipitation curves since the dominant
precipitation-controlling mechanisms remain the same.
The ﬂattening of the curve observed for a > 0 is attributed to
the afﬁnity and trapping of vacancies at Cu atoms. In the initial
stages, the precipitation process is only slightly affected by this
attractive behavior, however, in the later stages, the vacancies
are more or less trapped inside the Cu clusters and they can, thus,
not contribute to the long-range transport of Cu outside the clus-
ters. This is necessary, however, to support the absorption/desorp-
tion processes that commonly drive the coarsening process. The
precipitation process slows down and the number density and
mean radius curves become ﬂatter.
Simultaneously, the trapping of vacancies at Cu atoms increases
the effective cluster mobility, since the vacancies stay in the vicin-
ity of the clusters and cluster interfaces. The pronounced transport
of Cu-atoms along the cluster surface facilitates the Brownian-type
movement of the entire cluster, particle collisions are becoming
more likely and coalescence of precipitates becomes more promi-
nent. This effect is clearly visible in the stair fountain diagram in
Fig. 2 and has already been discussed.
Movies of the precipitation process for different values of a⁄ are
provided as complementary material in the electronic version of
this publication.
4.2. Cluster coagulation model
In order to study the characteristics of cluster coalescence iso-
lated from the absorption/desorption mechanism, a coagulation
simulation was performed as described above. The analysis of the
evolution curves allows for identiﬁcation of the system kinetics
after some initial induction period (Fig. 4). From the results of this
simulation, the number density is found to evolve in time within
t1/2  t3/5, while the mean particle radius evolves within
t1/6  t1/5. The mean radius dependence of t1/5 was predicted by
Fratzl and Penrose [1], but these authors used the dependence
Dn = D1n1 in their analysis. Nevertheless, they showed also that
the Dn dependence on the cluster size applied in this simulation
would result in the mean radius growth law with t1/6. The time
evolution of the number densities assures volume conservation
of the solute atoms. The trends identiﬁed in this coagulation calcu-
lation are observed also in the Monte Carlo simulations with the
aP +2 condition (evolution curves from LMC simulation with
a = +2 are shown in Fig. 4 for comparison), conﬁrming thus the
migration of the entire clusters for those cases. The qualitative dif-
ference of the particle number trends (Fig. 4a) observed during the
initial stage of the cluster coagulation simulation (particle number
is high and constant) and the LMC simulation (particle number in-
creases) is a result of the different particle deﬁnitions used in the
both methods (cluster coagulation – all particles; LMC – precipi-
tates larger than nine adjacent atoms only).
4.3. Continuum model
The MatCalc continuum model used in this study describes the
integral precipitation process by the evolution of discrete size
Fig. 3. Evolution of the particle number density and mean radius of the precipitates in the LMC simulation depending on the value of the asymmetry parameter a.
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formulation [11], particle growth or shrinkage is governed by the
diffusional transport of monomers through the matrix. In the mod-
iﬁed extended numerical algorithm, cluster coagulation can be
introduced into the evolution equations by incorporating the colli-
sion processes into the evolution of the number density Ni of size
class i.
In a simple, semi-empirical approximation, the rate of precipi-
tate coalescence in size class i _Nci is proposed to be proportional to
the total cluster density N, the mean cluster cross-sectional area rep-
resented by the square of the mean particle radius r2, the diffusion
coefﬁcient Di of the clusters of size class i and a dimensionless propor-
tionality constant k with
_Nci ¼ kNr2Di: ð10Þ
The cluster diffusion coefﬁcient Di for a given precipitate size
class scales with the diffusion coefﬁcient of the monomers as
(ri/r1)4, with ri being the radius of size class i, in agreement with
the Binder–Stauffer model [16]. In the numerical integration of
the evolution equations, the rate _Nci is evaluated in each time inter-
val and the number of precipitates Ni of size class i is reduced
accordingly. For the sake of computational efﬁciency, the amount
of solute atoms corresponding to the volume of the collided parti-
cles is released homogeneously into the matrix and is available for
attachment to the remaining particles. By this procedure, the meanradius and number density evolution of the entire precipitate pop-
ulation is reasonably well simulated although the individual colli-
sion processes are not treated explicitly.
The inﬂuence of the proportionality coefﬁcient k introduced in
Eq. (10) on the evolution of the precipitate number density and
mean radius is investigated in Fig. 5. For k = 0, the curves represent
the results of the traditional NKW model. The number density of
precipitates increases in the beginning of the reaction as deter-
mined by the transient nucleation rate J given in Eq. (7). The mean
radius, at this time, is determined by the critical nucleation radius
given by classical nucleation theory.
Without precipitate coalescence, the number density reaches
a plateau after supersaturation has decreased due to solute
atom depletion of the matrix. Simultaneously, the mean radius
increases due to precipitate growth and reaches a plateau for
the same reason. The plateaus for both quantities ﬁnally evolve
into the well-known LSW coarsening kinetics according to t1
and t1/3.
If coalescence is accounted for according to Eq. (10) and the pro-
cedure described above, we observe a gradual decrease of the num-
ber density of precipitates after reaching a peak value. For higher
values of k, both curves for the number density and the mean
radius approach the time dependence observed earlier in the pure
particle coalescence simulation. The corresponding lines are shown
in the diagram. The graphs also show that the peak density of
Fig. 4. Evolution of the particle number density and mean radius of the precipitates
in the cluster coagulation simulation. The results of Monte Carlo simulation for
a = +2 are also shown.
Fig. 5. Evolution of the particle number density and mean radius of the precipitates
in the continuum precipitation kinetics simulation depending on the value of k
parameter in Eq. (10). Various growth law lines are also shown (see text).
Fig. 6. Comparison of the LMC simulation for a = +2 with the classic (k = 0) and
modiﬁed (k = 0.5) NKW model results, together with the limiting growth law lines.
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cantly enhanced. As expected, in the limit of long simulation times,
the evolution of number density and mean radius becomes con-
trolled again by the LSW kinetics. Moreover, a transition between
the cluster collision and evaporation associated regimes can be ob-
served, which is delayed with increasing value of the coefﬁcient k.This is in agreement with the analysis of Fratzl and Penrose [1],
who postulated such a transition to occur at some critical particle
mean radius.
Fig. 6, ﬁnally, compares the results of the atomistic LMC simu-
lations for a = +2 with the extended continuums simulations with
and without precipitate coalescence. The graphs show that, using a
value of k = 0.5 for the present simulation conditions, the evolution
of number density and mean radius computed by the atomistic
simulation and the continuum model are in excellent qualitative
agreement. The shapes of both curves can reasonably well be
reproduced over the entire precipitation process including the
nucleation, growth and coarsening stages.5. Summary
In the present work, the inﬂuence of precipitate coalescence on
the integral precipitation process is investigated using three differ-
ent computational approaches (lattice Monte Carlo, coagulation
simulation, modiﬁed NKW approach). In atomistic lattice Monte
Carlo simulations, the effect of the vacancy/solute atom bond en-
ergy on the mobility of clusters as well as the overall precipitation
kinetics is investigated. In agreement with previous work, we ﬁnd
that the vacancy/solute atom bond energy controls the vacancy
preference toward the matrix or precipitate phase and, thus, alters
the observed precipitation kinetics. Vacancy preference towards
the solvent atoms generally retards precipitate growth by slowing
down the monomer diffusion kinetics in the matrix. If the vacancy
is trapped on the solute atoms, the early stage precipitation kinet-
ics temporarily shifts from a dependency on monomer evaporation
and absorption to a kinetics governed by precipitate cluster colli-
sion and coalescence, until, in the asymptotic limit, the classical
LSW kinetics is observed again.
A numerical analysis of the cluster collision kinetics delivers a
t1/6  t1/5 growth law for the mean radius and t1/2  t3/5 depen-
dency of the particle number density for purely coalescence-
controlled reactions.
P. Warczok et al. / Computational Materials Science 60 (2012) 59–65 65In order to incorporate these phenomena in NKW-type contin-
uum-scale modeling, a semi-empirical evolution equation for the
number density of precipitate size classes is suggested. This model
is implemented into the MatCalc precipitation kinetics framework
and it shows excellent qualitative agreement with the lattice
Monte Carlo results. Both, the evolution of the number density as
well as the mean radius of the precipitates, are well reproduced.
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Appendix A. Supplementary material
Movies of the precipitation process for different values of a
are provided as complementary material in the electronic ver-
sion of this publication. Supplementary data associated with this
article can be found, in the online version, at doi:10.1016/
j.commatsci.2012.02.033.References
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